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Multi-parameter singular Radon transforms III: real analytic 
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! Abstract 



The goal of this paper is to study operators of the form, 

Tf(x) = i,(x) f fi^t{x))K(t)dt, 



where 7 is a real analytic function defined on a neighborhood of the origin in {t,x) £ R'^ x R", 
satisfying 70(2;) = x, tp is a. cutoff function supported near G R", and K is a, "multi-parameter 
singular kernel" supported near £ R'^. A main example is when isT is a "product kernel." We also 
study maximal operators of the form, 

< 

UMfix) = ip{x) sup / |/(7<Siti,...,«jvt„(a;))| rft. 
0<5i,...,<Sjv<<l i|t|<l 

rH ■ 

'^j ' We show that M is bounded on (1 < p < 00). We give conditions on 7 under which T is bounded 

; on L'' (1 < p < 00); these conditions hold automatically when if is a Calderon-Zygmund kernel. 

This is the final paper in a three part series. The first two papers consider the more general case 
when 7 is C°° . 

^ ■ 1 Introduction 

G^ 



In this paper we consider operators of the form, 

Tf{x)^^/j{x) I f{jt{x))K{t) dt, (1.1) 



00 

in 
o 

where ip G (R") is supported near 0, 74 (x) : M.q x Mq_— > M" is a germ of a real analytic function 
(defined on a neighborhood of (0,0)) satisfying 70 (x) = xU and K is a "multi-parameter" distribution 
kernel, supported near G M^. For instance, one could take to be a "product kernel" supported 
near 00 To define this notion, suppose we have decomposed = R^^ x • • • x R^" . A product kernel 
satisfies 

\d^^' ■■■d^'K{t)\<\ti\-^'-^"'^ ■■■m-^--^""^ , (1.2) 

along with certain "cancellation conditions" (see Section 16 of |Strllb| )FI We will also study maximal 
operators of the form, 



Mf{x)= sup i^{x) I \f {'l(5iti,....5^u){x))\ dti ■ ■ ■ dU 

0<<5i,...,5„<a "'|t|<l 



* Partially supported by NSF DMS-0901040. 
t Partially supported by NSF DMS-0802587. 

^Here we write / : -i> R™ to denote that / is a germ of a function defined on a neighborhood of 0. 
^Our main theorem applies to kernels more general than product kernels. 

^The simplest example of a product kernel is given by K (ti, . . . , ty) = Ki (ti) ® • ■ ■ ® K,^ (tij)t where Ki, . . . , Kv 
are Calderon-Zygmund kernels. That is, they satisfy js^-ftTj < |ij | , again along with certain "cancellation 

conditions." When i' = 1, the class of product kernels is exactly the class of Calderon-Zygmund kernels. For a precise 
statement of these cancellation conditions, see Section 16 of |Strllb| : we do not make it precise in this paper, since we 
deal with more general kernels. 
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where "0 is as before with ip > 0, and a > is assumed to be smalL 

First we describe our resuhs in the single parameter case {ly = 1). In that case, we consider K to 
be a standard Calderon-Zygmund kernel supported near (a Calderon-Zygmund kernel is the special 
case of product kernels with i/ = 1). In this case, the operator in (11.11) is bounded on {1 < p < oo) 
with no additional assumptions (provided ip and K have sufficiently small support, depending on 7). 
Similarly, when = 1, is bounded on (1 < p < 00) (provided ip has small enough support and 
a > is sufficiently small). 

When we move to the multi-parameter case, the study of T and A4 diverge. The results for A4 
are simple to state: just as in the single-parameter case, A4 is bounded on L^' (1 < p < 00) with no 
additional assumptions. In fact, this will follow from proving the boundedness for even stronger 
maximal operators. 

Unfortunately, the results for T are not so simple. Indeed, for 7 : R-^ x M. M, given by 7(s,t) {x) — 
X — si, there are product kernels K (s, t) of arbitrarily small support such that T is not bounded on 
(this was first noted in [NW77| . see also Section 17.5 of jStrllb] ). Thus, it is necessary to introduce 
additional assumptions on 7 to obtain the boundedness of T. 

We now describe a special case of our results, for i/-parameter product kernels K (ti, . . . ,tiA (thus 
satisfying (|1.2p ). In |CNSW99] it was shown that 7 could be written asymptoticly in the form|f| 

7t (x) ~ exp 

J2 ^' (1-3) 

\l"l>o / 

where each Xa is a real analytic vector field. Separate each multi-index a — (ai, . . . , aj/), where 
G N^f^ is a multi-index, and t" = t"^ ■ ■ ■ t"" . We call a a pure power if 7^ for only one ^. 
Otherwise, we call a a non-pure power. 

A special case of our theorem is as follows: if = for every non-pure power a, then T is bounded 
on i^' (1 < p < 00). In the single parameter case, every power is a pure power, and so this subsumes 
the single-parameter result. In fact, we will be able to deal with some cases when the non-pure powers 
are not necessarily zero. Our assumption will be that the pure powers "control" the non-pure powers, 
in an appropriate sense. 

This paper is the third in a series. The first two |Strllb|[SSllb| dealt with the more general situation 
when 7 is C°°, instead of real analytic. The theorems in those papers took a rather complicated form. 
We will see that after an appropriate "preparation theorem^" the main result in this paper for the 
singular Radon transform T is actually a special case of the results in |SSllb| . The idea is that when 
7 is assumed to be real analytic, many of the assumptions in [SSllbj come for free. See [SSlla] for an 
announcement of this series, and an overview tying all three papers together. 

The maximal operator A4 is not a special case of the results in [SSllbj . Indeed, we will prove a new 
maximal result concerning C°° 7 (see Section [7]) which will imply the maximal result for A4. While 
this result was not covered in [SSllbj . we will see that many of the methods can be transfered to this 
situation, and the main outline of the proof is quite similar. 

2 A motivating special case 

In this section we explain our argument in a special motivating case, which contains an essential point 
which we will use (in various forms) throughout the paper. 

First we describe a special case of the results in [CNSW99] in the C°° context. Indeed, suppose for 
each multi-index a, < \a\ < L, we are given a C°° vector fields X^ defined on a neighborhood of 0. 
Suppose that this collection of vector fields satisfies Homander's condition at 0: the set of X^ along 

•^ 111.31 1 simply means 74 (x) = exp (^Y2o<\a\<M ^"^a^ x + O for every Af as i — > 0. In particular, the reader 

may wish to consider just the case when 74 (x) = exp ^5I]o<|a|<l, ^"^a^ ^> ^r^d the Xa are germs of real analytic vector 
fields. 

^The preparation theorem we need is a Weierstrass type preparation theorem due to Galligo IGal79| . 
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with aU their commutators of all orders spans the tangent space at 0. Define a function 7 by, 

7t (x) = exp ^ t"Xa X. 

\0<|a|<I, / 

It is a theorem of Christ, Nagel, Stein, and Wainger |CNSW99] that the operator, 

f^i;{x)Jfi-ft{x))K{t)dt (2.1) 

is bounded on i'' (1 < p < 00), for every standard Calderon-Zygmund kernel supported on a sufficiently 
small neighborhood of 0, and for ip g C^, supported on a sufficiently small neighborhood of 0. 

It was discussed in Section 3 of [Strllbj that one need not assume the Xa satisfy Hormander's 
condition. Instead, one may assume the weaker condition that the involutive distribution generated by 
the Xa is locally finitely generated as a C°° module. For then, the standard Frobenius theorem holds 
and foliates the ambient space into leaves; the Xa satisfying Hormander's condition on each leaf. As 
was discussed in Section 3 of [Strllbj . the methods of jCNSW99] are not sufficient to obtain the 
boundedness of (|2.1|) in this case. Nevertheless, the {1 < p < 00) boundedness holds and is a special 
case of the results in }SSllbj . 

Now we specialize to the case when the vector fields Xa are real analytic. The involutive distribution 
generated by a finite collection of real analytic vector fields is always locally finitely generated as a C°° 
module. This fact seems to have first been noted in Nag66jXob70 . see Section[9]for a further discussion. 
Thus, when the vector fields are real analytic, the boundedness of (|2.1|) holds. This idea is the core 
of this entire paper, and similar arguments will be used throughout. 



3 Kernels 

In this section, we will discuss the classes of kernels K (t) for which we will study operators of the form 
(jl.ip . The kernels which we study will be supported in (a), where a > is some small number to 
be chosen later (depending on 7). Fix 6 N, we will be studying v parameter operators. 

We suppose we are given z/-parameter dilations on M.^ . That is, we are given e = (ei, . . . , e^v), with 
each O^ej = {e],..., ej) G W (here, G N). For 5 G [0, 00)" and t = (ii, . . . , In) £ M^, we define^ 

dt = {S''Hi,...,S'''^tN), (3.1) 

thereby obtaining i^-parameter dilations on R^. For each /i, 1 < /i < i^, let denote those coordinates 
t-j oft= {ti,...,tN) eR^ such that 7^ 0. 

The class of distributions we will define depends on N, a, e, and v. Given a function <j on R^, and 
j eW, define, 

<;(2') (t) = 2^'-'=i+-+^-""<r(2^t) . 
Note that is defined in such a way that, 

J ^(2^) {t) dt^ J ^(t) dt. 
Definition 3.1. We define K. = K. {N, e, a, v) to be the set of all distributions, JsT, of the form 

i^-E^^'^' (3-2) 
where {^jjjgpj,. C {B^ (a)) is a bounded set, satisfying 

J {t) dt^ = 0, O^jf,. 
It was shown in [Strllb] that any sum of the form p.2p converges in the sense of distributions. 

®Here iS'^J is defined via standard multi-index notation: S^i = ■ 
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See }Strllbj for a more in-depth discussion of the class JC. 

Remark 3.2. The class of kernels studied in [SSllbj was slightly more general: it was allowed to depend 
on another parameter /io, 1 < Mo ^ and the coordinates of each ej could be elements of [0,oo), 
instead of N. The results in this paper can be extended to deal with that case as well (with essentially 
no additional work) , but we state the results in this simpler case for clarity. See Section [1^ for some 
comments on this. 



4 Multi-parameter Carnot-Caratheodory geometry 

To state our theorem regarding the singular Radon transforms given by (jl.ip in full generality, we 
must introduce the notion of Carnot-Caratheodory geometry; this notion played an essential role in 
[Strllbi ISSllb] . Our main reference for Carnot-Caratheodory geometry is [Strllaj . and we refer the 
reader there for more information. In this section we introduce only the most basic definitions associated 
with Carnot-Caratheodory geometry. 

Let Vl C E"- be an open set, and let Xi, . . . , Xq be C°° vector fields on £7. Denote this list of vector 
fields by X . We define the Carnot-Caratheodory ball, centered at G fi, of unit radius, with respect 
to the list of vector fields X by 



37: [0,l]^^2,7(0)=a;o,7(l)=y, 



E I 

a<i<9 



< 1 



L-([0,1]) 



Now that we have the definition of balls with unit radius, we may define (multi-parameter) balls of 
any radius merely by scaling the vector fields. To do so, we assign to each vector field, Xj, a (multi- 
parameter) formal degree ^ dj = (dj, . . . , dj) e W . For S = {Si, . . . ,S„) e [0, 00)", we define the list 
of vector fields SX to be the list {5'^'^Xi, . . . , S'^^Xg). Here, (5'*^ is defined by the standard multi-index 

notation: S'''^ = YVu=i V • We define the ball of radius 5 centered at G by 



B 



(x.d) {xo,6) := Bsx (xq) 



Definition 4.1. Let {X,d) — {Xi,di) , . . . ,{Xq,dq) be a finite list of C°° vector fields with multi- 
parameter formal degrees as above. Fix xq € fi. Let {XQ,do) be another C°° vector field with multi- 
parameter formal degree 7^ do S N"^. We say that {X, d) controls {Xq, do) on a neighborhood of xq if 
there exists an open set U with xq G U C fl, and ri > such that for every S G [0, 1]'', x G U, there 
exist ci j e C° [x, TiS)) (1 < j < q) such that, 

. S^'^Xo = E ■=! (^ij^'^Xj, on B^xM) {x, nS). 

• SUp5e[oa]- E|a|<m I K*^^)" ^Ij 1 1 C (Sfx.d) (^.ri5)) < ^^"^ ^""^""y m € N1!| 

Note that, since ri and U may be chosen as small as we wish, this is a local property. 

Definition 4.2. Let S be a, possibly infinite, set of germs of C°° vector fields, X, defined on a neigh- 
borhood of Xq E M" each paired with a nonzero formal degree 7^ d G N". Let {Xo,do) be another 
germ of a C°° vector field defined on a neighborhood of xq, with formal degree 7^ do G N". We say S 
controls {Xq, do) on a neighborhood of xq if there is a finite subset C 5 such that controls (^Oi ^q) 
on a neighborhood of xq in the sense of Definition 14.11 



'^For an arbitrary set U C R", we define 
continuous on U and the norm is finite. 



Ilc°{!7) ~ ^'^Pysu ^^'^ if Il/I!c°{i7) ^ '"'^ niean that / is 
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Remark 4.3. Much more detailed information on this notion of control can be found in Section 5.3 of 
IStrllaj and Section 11.1 of |Strllb) . 

Definition 4.4. Let 5 be a set of germs of C°° vector fields defined on a neighborhood of a;o £ K." each 
paired with a i^-parameter formal degree ^ d G N''. We define C (5) to be the smallest set of germs of 
vector fields with formal degrees such that: 

• S CC{S), 

. ii{Xi,di),{X2,d2)eC{S) then {[Xi, X^] ,di + d^) eC{S). 
Furthermore, define Co (S) to be the smallest set of germs of vector fields with formal degrees such that: 
. ScCo{S), 

• if e 5 and {X2,d2) G Co (S), then ([Xi, X2] , di + ds) G A (5). 
Remark 4.5. Note, by the Jacobi identity, for every {Yq, do) G C (5), 

Yoespan{Y ■.{Y,do)eCo (5)}. 

5 Results 

We begin by rigorously stating our maximal result. Let 7 {t, x) — -ft (x) : x Mq — > M" be a real 
analytic function defined on a neig hborhood of (0, 0) G x R", satisfying 70 (x) = x. 

For ip G (M") supported on a sufficiently small neighborhood of 0, ijj > 0, and a > sufficiently 
small, define. 



Mf{x)^ sup ijj{x) 1/ (7<5iti... .,<?«*« c^i- 

0<<5i,...,(Sjv<l J\t\<a 

Theorem 5.1. A4 is bounded ^ (1 < p < 00), provided a is taken sufficiently small, and ^ is 
supported on a sufficiently small neighborhood ofO. 

Theorem 15.11 will follow from a more general maximal theorem about C°° 7 which is discussed in 
Section[71 This theorem will imply maximal results for even stronger maximal functions than are covered 
by Theorem 15. II 

Fix (/-parameter dilations e — (ei, . . . jBn) on M^, as in Section [3] (so that Cj E N"^). For a 
multi-index a — (ai, . . . , un) G N^, define, 

N 

deg(a)=^e,a, gN''. 

Definition 5.2. We call a a pure power if deg (a) is nonzero in precisely one component. Otherwise 
we call a a non-pure power. 

Let 7 be as above. As discussed in the introduction, |CNSW99] showed that 7 could be written 
asymptotically as, 

7t (x) ~ exp ^ t"Xa X, 

\0<\a\ J 

where the Xa are real analytic vector fields. Define two sets, 

P = {(Xa, deg (a)) : a is a pure power} , 
JV = {{Xa, deg (a)) : a is a non-pure power} . 
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Theorem 5.3. Suppose that for every (X, d) G TV, C {V) controls (X, d) on a neighborhood o/o|f| Then, 
there exists a > such that for every ipi,ip2 G (R") supported on a sufficiently small neighborhood 
of 0, every K £ IC {N, e, a, u), and every C°° function n (t, x), the operator given by 

Tf (x) = Vi {x) J f (7t (x)) V2 (7t i^)) ^ {t, K (t) dt (5.2) 

is bounded ^ (1 < p < oo). 

Remark 5.4. Note, by taking ip2 to be equal to 1 on a neighborhood of the support of ipi, taking k — 1, 
and taking a > so small that for t in the support of K (t) and x in the support of (x) we have 
4'2 {it {x)) = 1, wc sec that the operator given by (11.11) is of the form discussed in Theorem 15.31 

Theorem 15.31 will follow from a more general theorem about C°° 7, which is proven in f SSllb) . 

Corollary 5.5. Suppose that Xa = for every non-pure power a. Then the operator given by (j5.2p is 
bounded on LP (1 < p < 00). 

Proof. It follows immediately from the definitions that C (V) controls (0, deg (a)) for every a. Thus the 
hypotheses of Theorem 15.31 hold trivially. □ 

Corollary 5.6. In the special case v — I (i.e., the single-parameter case, when K [t) is a Calderon- 
Zygmund kernel), the operator given by (15. 2p is bounded on (I < p < 00). 

Proof. In the single-parameter case, every a is a pure power. Thus, the hypotheses of CoroUarv 15 .51 hold 
vacuously in this case. □ 

Proposition 5.7. Suppose that Ti and T2 are operators of the form covered in Theorem \5.3[ 

T,f (x) = (x) I f (7^^ (x)) (7^^ (x)) K, (t, x) K, (t) dt,, J = 1, 2, 

with Tj satisfying all of the hypotheses of Theorem \5.3\ ( with perhaps different dilations e for and l1^). 
Then, T1T2 and Tj* satisfy the hypotheses Theorem \ 5.3\ (provided the Kj and have sufficiently 

small support). 

Of course. Proposition 15.71 does not lead to any new boundedness results: since Ti and T2 are 
bounded on {1 < p < 00) the same is true for T1T2 (similarly for Tj*). What Proposition 15.71 does 
tell us is that our assumptions are robust enough that one cannot use our theorem, plus algebraic 
manipulation of the operators in question, to create new operators which are bounded on L^, but to 
which our theorem does not apply. Proposition 15.71 is proved at the end of Section 110.11 



6 Past work 

There are a number of papers concerning singular and maximal Radon transforms. We review in this 
section a few which are closely related to our results. The results mentioned here served as motivation 
for the results in this paper. 

One of the first results which comes to mind when considering maximal Radon transforms associated 
to real analytic curves is the following result of Bourgain (Bou89] : Theorem 15 . 1 1 holds in the special case 
when 7 : Mq X 1^0 ^ is given by 74 (x) = x + tv (x) and v is a. germ of a real analytic vector field on 
M^. In a manner completely analogous to this paper, Bourgain proves a more general maximal theorem 
about C°° curves. This more general maximal theorem can be seen as a special case of the maximal 
result in |SSllb| . 

The paper which served as the primary motivation for the methods in [Strllb|, ISSllb) was due to 
Christ, Nagel, Stein, and Wainger }CNS W99) . which discussed the single-parameter case (i.e., when 
I' — 1). As discussed in [Strllbj . the methods in |CNSW99] are not sufficient to obtain Corollarv 15.61 

*Thc particular neighborhood used in the definition of control may depend on {X, d). 
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Nevertheless, Christ, Nagel, Stein, and Wainger were able to obtain a differentiation theorem for real 
analytic 7, see Section 21 of ICNS W99) . Namely, for any f & {1 < p < 00) supported sufficiently 
close to 0, 

/ (x) = linr c^V~^ / f{-ft{x))dt, a.e. 

"■^^ J\t\<r 

As is well known, this follows from Theorem 15.11 In fact, it follows from the weaker result where one 
takes the supremum over all = <52 = • • • = Sn- 

In fact, the basic idea of the proof of the differentiation theorem in |CNSW99] is closely related to 
the results in this paper. Indeed, the result follows by applying the Frobenius theorem to show that 
the ambient space is foliated into leaves, and other results from |CNSW99] could be applied to each 
leaf to obtain the differentiation theorem. The main reason why our results are stronger than those 
in |CNSW99] in the single-parameter case, is that we have access to a stronger form of the Frobenius 
theorem: the one developed in |Strlla| . 

The last paper we wish to mention is due to Christ |Chr92] : in it, the "strong maximal function 
associated to a nilpotent Lie group" is discussed. Let G be a connected, simply connected, nilpotent 
Lie group. Let Xi, . . . , Xm be left invariant vector fields on G. Define 7 : x G — >■ by 

7ti,...,t« (x) = e*^^i+-+*"^"a;. 
Note that we may choose coordinates so that 7 is real analytic. Define a maximal function by, 

Mf {x) ^ sup / \f {-is^tu-,SNtN {x))\ dt. 

0<5i,...,5n J\t\<l 

It is shown in |Chr92| that M. is bounded on L'p {1 < p < 00). There are a few differences between 
M and the maximal operator discussed in Theorem 15. II First, M. does not involve a cutoff function -0; 
this is due to the translation invariance of M., and is not an essential point. Second, the supremum in 
the definition of Ad is over all Ji, . . . , ^jv, while in Theorem 15. II we restrict attention to (5i, . . . , J^v small. 
The reason the results in |Chr92] can be stated for all 5 is that they are lifted to a setting where there 
exist global dilations so that the result for all 5 follows^from the result for small 5\ and so this is not an 
essential point either. Thus, the boundedness of AA is essentially a special case of Theorem 15. II 

In fact, jChr92] studies even stronger maximal functions than M.. While these are not a special case 
of Theorem 15.11 they are a special case of the maximal function discussed in Section[7l Thus, the results 
in jChr92| are a special case of the results in this paper. Moreover, the methods in |Chr92) provided the 
main motivation for the results in Section [T] 



7 A more general maximal function 

In this section, we introduce a stronger maximal theorem. In Section 110.21 we will show that this 
maximal theorem implies Theorem 15. II 

Before we introduce this maximal theorem, we must explain the connection between germs of C°° 
functions satisfying 70 {x) = x, and certain vector fields. Indeed, given a germ of a G°° function 7^ (x), 
defined on a neighborhood of (0,0) G x K", and satisfying 70 (x) = x, it makes sense to consider 
7(~^ (x), since for t sufficiently small, 74 is a diffeomorphism onto its image. 

Thus, we may define, 

^ 7£t ° 7*"^ (x) G 
=1 



W{t,x, 

de 



Note that W {t) is vector field, depending smoothly on t such that W (0) = 0. 

Proposition 7.1 (Proposition 12.1 of IStrllbj ). The map "f W is a bijection between germs of C°° 
functions, as above, to germs of vector fields, W (t), depending smoothly on t and satisfying W (0) = 0. 
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Proof sketch. The inverse of the map j ^ W is as follows. Given VF, let lo (e, t, x) be the unique solution 
to the ODE: ^ ^ 

— w (e, t, x) = -W iet, uj (e, t, x)) , a; (0, x) = x. 
de e 

Define 7t (x) = a;(l,t,a;)|^ This map n- 7 is the two-sided inverse to the map 7 1-^ W. See 
Proposition 12.1 of [Strllbj for details. □ 

In light of Proposition 17.11 instead of defining 7, we may instead define W . This will allow us to 
introduce dilations on 74 that are not of the form "1(Sltl,....SNtN)^ thereby allowing us to introduce stronger 
maximal functions than are covered in Theorem 15.11 A similar idea was used in |Chr92j . though the 
setting was simpler and the vector field W did not need to be introduced. 

We now turn to defining the maximal function. Let {X, d) — (Xi, di) , . . . , (Xg, dq) be germs of C°° 
vector fields defined on a neighborhood of G R", each with an associated formal degree ^ dj G N''. 
We suppose that {[Xj , Xk] , dj + dk) is controlled by {X, d) on a neighborhood of 0, for every I < j,k < q. 
Let 1 < r < (7, and suppose each dj, 1 < j < r is nonzero in only one component. Suppose further that 
{Xi,di) , {Xr, dr) generate (X^+i, dr+i) , • • • , {Xq,dq) in the sense that (X^+i, rfr+i) , • • • , [Xq, dq) e 

Lo{{{Xi,dl),...,{Xr,dr)}). 

We suppose we are given z^-parameter dilations e = (ei,...,eAr) on M^, as in Section [3j thus it 
makes sense to write 5t for t e and 5 G [0, 1]"^ (see p.ip ). 
We suppose we are given germs of C°° functions, 

Cj (t, s, x) : X X R, j = 1, . . . , 

with Cj (0, 0, x) = 0. Suppose 7^ ai, . . . , a,. G N'^ be multi-indices such that, 

1 9"' 



I a, ci {t, s, x) 
ai'. OS 



= 1, l<l<r, (7.1) 

t=s=0 



and for all 1 < Z < r, 1 < /c < (7 and all f3i, P2 with f3i + (32 = ai 



dt ds ^'^ 



= 0, unless Z = fc, ^1 = 0, /32 = «/• (7.2) 

t=s=0 



Let Noo = N U {00}. For each j G N^, define, 
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Wj it,x) = {2-H,t,x) 2-3 ''' Xi 



1=1 

Given Wj we obtain a corresponding jf as in Proposition 17. II That is, let wj be the unique solution to 
the ODE: 

— Wj (e, t, x) — - Wj {et, LOj (e, t, x)) , ujj (0, t, x) = x. 

Set 7j (x) — ujj (1, t, x). It is easy to see, via the contraction mapping principle, that there are open sets 
G [/ C M^, G F C M", independent of j, such that 7/ : t/ x F M". 

Let V'IjV'2 G (K") be supported on a small neighborhood of 0, ipi,i'2 > 0, and let a > be a 
small number. In light of the above remarks, it makes sense to define the maximal function. 



Mf{x)^ sup tPi (x) / / (jI {x)) tP2 (ll (2^)) 



jen" J\t\<a 



dt. 



Theorem 7.2. Under the above conditions M. is bounded on (1 < p < 00), provided ipi and "02 are 
supported on a sufficiently small neighborhood of 0, and a > is sufficiently small. 

Theorem 1 7. 2 1 is proved in Section [TT] 



®It is easy to see, via the contraction mapping principle, tliat the solution u) exists up to e = 1 for t sufficiently small. 
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Remark 7.3. We will see that Theorem 15 . 1 1 follows from Theorem 1 7. 2 1 It is not hard to see that Theorem 
2.4 of |Chr92) follows from Theorem [Ll It follows that all of the resuhs of |Chr92] can be reduced to 
Theorem O 

Remark 7.4. Notice that we have discretized our maximal functions; i.e., we only consider dyadic scales. 
This is essential when considering M. Indeed, the obvious non-discretized version need not be bounded 
on all L^", p > 1. This was noted on the top of page 5 of |Chr92] . 



8 When 7 is C°°: the results of fSSllb] 



In this section, we review the results of fS Sllbj . We will see that Theorem 15.31 is. in fact, a special case 
of Theorem 5.2 of ^SSllb, . which we review below. In addition, we rephrase the assumptions of |SSllb| 
in a few different ways, which will be useful in what follows. 

The setting is as follows. We are given a C°° function 74 (x) = 7 {t, x) : IRni_x Mq K" satisfying 
7o (x) = X. The goal is to give conditions on 7 such that the operator given bjtj 

Tf{x)^ij{x)[fijtix))K{t)dt, (8.1) 



is bounded on (I < p < 00) for every K G lC{N,e,a,v) where a is sufficiently small and V' is 
supported on a sufficiently small neighborhood of 0. We think of the z^-parameter dilations e as fixed 
so that it makes sense to write 5t for 5 G [0, 00)'' and t G as in p.l|) . 



Definition 8.1. Let (X, d) = (Xi, di) , . . . , (Xg, dq) be a finite list of C°° vector fields with i/-parameter 
formal degrees ^ G [0, 00)^ as in Sectional Let W {t, x) G T^M."" be a smooth vector field (defined 
on a neighborhood of (0,0) G x R"), depending smoothly on i G M^. We say that (X, d) controls 
W on a neighborhood of if there exists an open neighborhood J7 of G K", n > 0, and pi > 0, such 
that for every 5 G [0, 1]" , Xq G U, there exist functions cf°''^ on (pi) x B(^x.d) {xo,ti5) satisfying 

. W (St, x) = Y:Li cf"'' (t: ^) S'^'Xi (x) on B^ (po) x B^^.d) i^o, nS). 



sup ^,eU E|a| + |/3|<m i^^) C 



< 00, for every m. 



If, instead, S is an infinite collection of vector fields, then we say S controls W on a. neighborhood of 
if there is a finite subset which controls W. 

Remark 8.2. Definition 18.11 is closely related to Definition 14.11 Indeed, note that if {X,d) controls W 
on a neighborhood of 0, and if the Taylor series for W is given by, 

Wit,x)^J2^''Y^' 

a 

then {X, d) controls (Fq, deg {a)) on a neighborhood of for every a. 

Definition 8.3. Given a finite list of C°° vector fields (defined on a neighborhood of G M") with 
j^-parameter formal degrees {Xi, c?i) , . . . , (X,., dr) we say that this list generates the finite list (X, d) = 
{Xi,di) , . . . , {Xq,dq) (hereg > r) if there exist vector fields with formal degrees {Xr+i,dr+i) , . . . , {Xq,dq) G 
£0 ({(-^1; c'l) 1 ■ ■ • 1 {Xr, dr)}) such that for every I < j,k < q, {[Xj,Xk] , dj + dk) is controlled by {X, d) 
on a neighborhood of 0. 

Remark 8.4. In what follows, we will say A controls B to mean A controls i? on a neighborhood of 0. 

With the above definitions in hand, we are prepared to state the assumptions placed on 7 in jSSllb| . 
We state these assumptions in three different ways, which we will see are all equivalent. Under any of 



'^'^Or more generally, operators of the form covered in Theorem 15.31 
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the following assumptions, the operator given by (|8.ip is bounded on {1 < p < oo). In what follows, 
define the vector field, 

7,407-1(2;) GT,R". 



Note that 7^ ^ makes sense, since for t sufficiently small, 7* is a diffeomorhpism onto its image (because 
70 (x) EE a;). 

(I) Expand as a Taylor series in the t variable, 

\a\>Q 

where the Xc, are C°° vector fields. We assume that there is a finite subset, 

C I (^Xa, deg (ck)^ : a is a pure power| , 

such that T generates a finite list (^X,dj and (^X,dj controls W. 
(II) For the second equivalent condition, we rephrase @ as having two distinct parts: 

(jlTl F) A "finite type" condition: taking Xa as in (jl]), we assume that there is a finite subset. 



{(X„,deg(a)) :aeN^}, 



such that T generates a finite list (^X, dj and this finite list controls W. 

(UHA) An "algebraic" condition: we assume that for every non-pure power a, ^Xa,deg{a)^ is 
controlled by 

£ ^1 (^Xa,deg {a)j : a is a pure power|^ . 

(Ill) The third equivalent condition is the same as (jll|, except we use different vector fields. Indeed, 
write, 



7t(a:) -exp f^rX, 

\ a 



(jllll F) A "finite type" condition: we assume there is a finite subset, 

TC{{X^,degia)):aeW}, 

such that generates a finite list {X, d) and this finite list controls W. 

(jllll A) An "algebraic" condition: we assume that for every non-pure power a, {Xa,deg{a)) is 
controlled by 

C {{{Xa,deg (a)) : a is a pure power}) . 

Remark 8.5. Note that the assumptions of Theorem 15.31 are exactly that (jllll A) holds. 
Remark 8.6. The vector fields Xa and Xa are closely related. See Lemma [8. 151 

Theorem 8.7. l^)<^ l/7)) <i^ i f//7)] .- i.e., the above three conditions are equivalent. 

We prove Theorem 18.71 at the end of this section. 
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Theorem 8.8 (Theorem 5.2 of |SSllb) ). Under any of the above three conditions, there exists a > 
such that for every V'li V'2 G C'o" (I^") supported on a sufficiently small neighborhood of 0, every K G 
/C {N, e, a, I/), and every C°° function k {t, x), the operator given by, 

Tf {x) = i,^ {x) J f (7t (x)) V2 ilt (x)) n it, x) K (t) dt 

is bounded LP ^ LP (1 < p < oo). 

Proof. Under the assumption (|T]), this is contained in Theorem 5.2 of |SSllb| . □ 

Proposition 8.9. When 7 is real analytic, (l^F) and Ulh F) hold automatically. 

We defer the proof of Proposition 18.91 to Section [101 From the above results, Theorem 15.31 follows 
easily. 

Proof of Theorem \5.S\ given the above results. By Theorem 18.81 it suffices to show that (under the as- 
sumptions of Theorem l5.3|) . (|III|) holds. Proposition [53] shows that (jllll F') holds, while the assumptions 
of Theorem [531 are exactly that (|IIII A') holds. □ 

We close this section by proving Theorem 18.71 We separate Theorem 18 . 71 into two propositions. 

Proposition 8.10. 

Proposition 8.11. ^^^^^). More specifically, H^Fj-^lU^F) and ^^A)^^I^A). 

Lemma 8.12. The notion of control is transitive. Indeed, if Si and S2 are sets of vector fields with 
V -parameter formal degrees such that every element of S2 is controlled by Si, and if S2 controls a vector 
field with formal degree {X, d), then so does Si. A similar result holds if {X, d) is replaced by W [t, x) 
as in Definition \8.1\ 

Proof. This follows immediately from the definitions. □ 
Lemma 8.13. If Si,S2 are sets of vector fields with v -parameter formal degrees, such that, 

• for every (Xi, di) , (X2, ^2) ^Si, ([Xi, X2] , di + ^2) is controlled by Si, 

• every element of S2 is controlled by Si . 
Then, every element of C{S2) is controlled by Si. 

Proof. This follows immediately from the definitions. □ 

Remark 8.14. Note that if 7^ is a finite set of vector fields which generates a finite list {X,d) = 
{Xi, di) , . . . , {Xq, dq) as in Definition 18. 3[ then [X, d) satisfies the hypotheses of Si in Lemma [8. 131 

Proof of Proposition \8.10\. (|U=>(III|: (jUlF) follows immediately from (jlllA) follows from (|l| via 
Remark [Ql 

1111=^ Take !F as in jlll and let J^' be a finite list generated by (see Definition 18. 3p . so that J^' 
controls W , and set 

■p = I ^Xq, deg (a) : a is a pure power^ | . 

By our assumption, every element of J- is controlled by C {j^^ ■ Thus, every element of C (J-) is controlled 
by C (j^^ (Lemma I8.13P . It follows that every element of T' is controlled by C (^V^ . By Remark 14.51 
every element of J^' is therefore controlled by Cq (v^ . Let J^q C jCq be a finite subset such that every 



element of J^' is controlled by J^q. We may assume that J'o Q ^0 (^-^0 H Vj ; indeed, since J-q C yp 

we may add a finite number of elements to Jxi from V so that J-q C Cq (^Tq n . Since F' controls W 
on a neighborhood of 0, it follows that Fq controls W (Lemma 18. 12p . 
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To complete the proof, we need to show that if (Yi, di) , (y2, ^2) G ^o-, then ([Yi,l2],<^i + ^2) is 
controlled by J-q\ for then Jx) H 7^ will generate the finite list Jx) (which we know to control W). To do 
this, it suffices to show that ([yi,y2] ,<ii + ^2) is controlled by F' (by Lemma [8. 12) since every element 

of F' is controlled by Tq). In particular, it sufl[ices to show that every element of C {v^ is controlled 
by T'. 

By Rcmark [8.2[ every element of V is controlled by J-"'. We know, by assumption, that if [Xi , di) , (X2, (^2) G 
F' , then ([Xi, X2] , di + ^2) is controlled by J-' . It follows from Lemma fS.lBl that every element of C {v^ 
is controlled by F' . This completes the proof. □ 

Lemma 8.15. Let be as in 0) and X^ be as in Hill]) , then, for every dQ I^'^ , 

span{r : (r,do) e/:({(X„,deg(a))})} = span{r : (r,do) e/:({(x„deg(a))})} 

Proof. This follows easily from an application of the Campbell-Hausdorff formula. See the proof of 
Proposition 9.6 of |CNSW99] for a similar result and more details. □ 

Proof of Provosition \8.11\ We begin by showing pTl D^^ plIl F): the implication plIl F)=» (|IIl F) follows 
in the same way, and we leave the details to the reader. Suppose that (HHF) holds: there is a finite set 
F as in (HHF) which generates a finite list, F' and this finite list controls W . Define, 

5 = {(X„deg(a)) :aeN}. 

By Lemma 15.151 for every (FojC^o) G ^0 G span{F : (Fo^c^o) S ^{S)}. Thus, there is a finite subset 
.^0 C £ (5), such that Fq controls F' . By Remark H31 we may assume that Fq C Cq {S). Furthermore, 
by adding a finite number of elements to Fo, we may assume that Fq C £0 (5 n J^))- 

Since F' controls W, we have that Fq controls W. To complete the proof, we need only verify that 
for every {Xi,d{) , (X2, (^2) & ^0, {[Xi,X2] , di + ^2) is controlled by Jq; for then FQf^S will generate 
the finite list Fq which we already know controls W . That this is true follows just as in the proof of 
Proposition lS.lOl This completes the proof of piII F). 

pIlA)<;^(jIIIIA) is a simple consequence of Lemma IS. 151 which we leave to the reader. □ 



9 A primer on real analytic functions 

In this section, we introduce the theory we need to see our theorems concerning real analytic 7 as special 
cases of theorems concerning 7, which are amenable to the methods of [SSllbj . Let 

^jv = {/ : R|/ is real analytic} , 

the set of germs of real analytic functions defined on a neighborhood of G M^, and taking values in 
M. Note that Am ^s, & ring, and, 

= {/ : ^ M™!/ is real analytic} . 

is an ^jv-module. 

Theorem 9.1. Suppose f {t, x) : Rq x Kq — > R™ is a germ of a real analytic function; f £ A^f}^^. For 
a £ N"^ . let fa {x) G A^^ be the Taylor coefficient of f , when the Taylor series is taken in the t variable: 

fit,x)^ ^ t"/o(x). (9.1) 

Then, there exist finitely many multi-indices a\, . . . ,ar £ W , and germs of real analytic functions 
Cai , . • . , Cq^ e An+u such that, 

r 

/(t,x)=^c„, (i,x)rVa.(a;), (9.2) 
fc=i 
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on a neighborhood of (0, 0) £ R x R". Furthermore, we may assume for every 1 < j, k < r, 



1 ^ a 



t=o 



1 ifj = k, 
z/jVfc- 



(9.3) 



Theorem 9.2. Suppose 



Then there exists a finite subset -F C 5 such that every (g, e) £ S can be written in the form, 



g{x)^ J2 c^fA){x)f{x); (9.4) 
(f.d)er 

d<e 

where C(^f,d) G An, md d < e means that the inequality holds for each coordinate. The neighborhood on 
which (|9.4p holds may depend on {g,e). 

Corollary 9.3. Let S C AH x . We think of S as a set of pairs {X, d) where X is the germ of a real 
analytic vector field, and d G is a formal degree. Then, there exists a finite subset J- ^ S such that 
every (Y, e) £ S is controlled by J- . 

Proof. Let T be as in the conclusion of Theorem 19.21 when appUed to S. Let (F, e) G S. We wish to 
show that (y, e) is controlled by T . For 8 E [0, 1]", multiplying both sides of (I9.4p by S"^, we obtain, 



S''Y= {S'''''cix.d))S'X. 



(x.d)er 

d<e 

Noting that S'^^'^C(^x,d) G uniformly for S £ [0, 1]" (since we are only considering the case when d < e 
coordinatewise), the result follows. □ 

The above three results are the only results we will need concerning real analytic functions. The rest 
of this section is devoted to proving and discussing Theorems 19.11 and 19.21 The reader uninterested in 
the proofs may safely skip the remainder of this section, as it will not be used in the sequel. 

Theorems 19.11 and 19 . 2 1 both follow easily from well-known results. We begin by outlining the results 
necessary to prove Theorem 19.21 

Proposition 9.4 (See [ZS75| ). The ring An is Noetherian. 

Comments on the proof. This is a simple consequence of the Weierstrass preparation theorem. See page 
148 of |ZS75j . The proof in |ZS75| is for the formal power series ring, however, as mentioned on page 
130 of |ZS75] . the proof also works for the ring convergent power series: i.e., the ring of power series 
with some positive radius of convergence. The ring of germs of real analytic functions is isomorphic to 
the ring convergent power series. □ 

Proposition 9.5. The module A^ is a Noetherian AN-'module. 

Comments on the proof. It is easy to see that for any Noetherian ring R, the i?-module i?™ is Noethe- 
rian. Actually, in this special case, one can characterize a finite set of generators for any submodule of 
A^. This can be found in jGal79j . but we will not need this. □ 



Proof of Theorem\9M Let SQA'f^y.W. Define a map i-.A'l^xW-^ A'l^j^ by 

l{f,d)^t^f{x), t£W. 

Let M be the submodule of -4"_|_^ generated by lS. M is finitely generated by Proposition 19.51 Let 
C iS be a finite subset such that lF generates M . We will show that F satisfies the conclusions of 
the theorem. 
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Indeed, let {g, e) £ S. Since f^g (x) G M, we may write, 



f'gix)^ J2 ^if.d)it,x)t^f{x), (9.5) 



on a neighborhood of (0, 0) G x 

e! 9t lt=0 



We apply ^-^''L-n to both sides of (1^31 . Note that. 



d9i 



(^i 2;) t"^ = 0, unless e> d. 



Thus, we obtain. 



1^' 

d9t 



C(/,d) {t, x) t" 

t=o 



completing the proof. □ 



Remark 9.6. The case i/ = of Corollary I9.3l in the context of vector fields seems to have been first used 
by Lobry |Lob70j . In jLob70) . Corollary 13] was used in the following way. Let 5 be a set of germs of 
real analytic vector fields, and let V be the involutive distribution generated by S. In light of the v = {) 
case of Corollarv 19.31 there is a finite subset 7^ C 2? such that for every Y ^V,Y can be written as a 
sum of elements of J" (on some suitably small open set, depending on Y). Because of this, |Lob70 l said 
the distribution V was "locally of finite type." Unfortunately, there is a slight error in the application 
the Frobenius theorem in |Lob70| . see |Ste80| -this is due to the fact that the open set depends on Y . 
However, in our uses of the Frobenius theorem, we will always be able to consider only finite sets S, and 
then it is easy to see that the open set need not depend on Y . Corollarv l9.3l can be considered a "scale 
invariant" version of the ideas of |Lob70) . 

We close this section by proving Theorem 19. II We will need a Weierstrass-type preparation theorem 
from jGal79[ . First, we introduce the relevant aspects of |Gal79) we need (which is only a small fraction 
of that paper), and then we will show that Theorem 19.11 is a simple consequence. We will only need 
part of Theorem 1.2.5 of |Gal79j . and we turn to introducing the relevant notation. We will introduce 
a division theorem for functions in ^™ (of course division theorems are closely related to preparation 
theorems). Pick numbers Ai, . . . , A^/ G (0, oo) such that \i, . . . are linearly independent over Z. For 
a = (ai, . . . , ttjy) G W , define L (a) = Y^"^i ctj^j S [0, oo). Note that if a 7^ /3, then L (a) ^ L (/?). L 
induces a total ordering on the set N'^ x (l, . . . , m}. Indeed, we say (a, i) < (/3, j) if L{a) < L (/3) or if 
L{a) ^ L (13) and i < j. 

For a function / G write / = (/i, . . . , /„), where fi G Au. Write fi as a Taylor series, 

fi (^) — ^ ^ fa,i^ • 

Let Q (/) be the Newton diagram of /: 

Q if) - {{a, i)€W x{l,...,m}: ^ 0} . 

For / ^ 0, let exp^ (/) to be the smallest element of Q (/) in the above defined total ordering. Let M 
be a submodule of A^. We define. 

El {M) = {expi (/) : / G M} . 

Theorem 9.7 (Part of Theorem 1.2.5 of |Gal79] ). Let M he a submodule of A]^ . Then, every element 
f G A^ is congruent, modulo M , to a unique element r ^ r (/) = (ri, . . . , r„i) G -4™ of the form, 

r,ix)= E (9.6) 
That is, the nonzero terms in the Taylor series of r do not appear in El (M). 
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Proof of Theorem \9.1i First we prove the result without insisting the Ca^. satisfy (|9.3|) . Then we wih 
show that we may modify the Ca^ so that ()9.3|) is satisfied. 
Express / as a Taylor series as in (|9.1|) : 



f{t,x)^ J2 

Let M be the submodule of ^^_|.„ generated by {t"fa (x) : a S N^}. We know that M is finitely 
generated by Proposition [9?5j and thus (19. 2p will follow if we can show / £ M. 

Taking the setup of Theorem 19.71 (and thus we must choose some L), we see that we may write / 
uniquely modulo M as a term r satisfying ()9.6p . We wish to show that r = 0. Suppose not. We will 
show that exp^ (r) G El {M), which will contradict the form of r given by (|9.6|) . 

Note that r = m + / for some m e M. We claim that there exists K > sufficiently large such that, 



expi (m + /) expi + X! ^^'^^ 

\ \a\<K 

Indeed, if \a\ is so large thal["1 L(a,0) > i (exp^ (to + /)), then the term f^faix) does not affect 
expi {m + f). 

Note, though, that rn + J2\a\<K (^) ^ Thus, by definition, exp^ (r) ~ exp^ (to + /) e 
El (M). This achieves the contradiction and completes the proof of (19. 2p . 

Now we turn to showing that the may be modified so that they satisfy (|9.3p . Indeed, suppose 
Ca^ satisfy (|9.2p . Define Cq,^ by. 



^ '^a;^ (^; — ^ *-"Ctfc (^7 ^ ^ 



as 



-5 Cafc (-^i 



s=0 



note that the right hand side is clearly of the form t°'''Ca^ for some Cq^, since ^ ' \^_QS°'''Ca^. {s,x) — 
unless ak < aj coordinatewise. 

It is clear that Caf. satisfies (|9.3p . Thus, to complete the proof, we need only show that, 



^d^^{t,x)t''^f^^{x)^ f{t,x). 
i=i 

Since (|9.7p holds with Caj replaced by Ca^ , it suffices to show, 



(9.7) 



fc=i fc=i \i=i 

In light of (19.21) . both sides of (|9.8p are equal to. 



ds 



^ ^ ^Ofc ('^? '^) 



s=0 



(a;) ■ 



— a,! i9s 



/(s,x) 



s=0 



(9.8) 



This completes the proof. 



□ 



10 Reduction to the C°° case 

In this section, we use the results from Section IH] to reduce Theorems 15.31 and 15 . II to theorems about C°° 
7: namely. Theorems 18.81 and 17.21 In Section 110. 1[ we reduce Theorem 15.31 to Theorem 18.81 (or, more 
precisely, Proposition l8.9l) . while in Section flO. 21 we reduce Theorem 15. ll to Theorem 17.21 

-'^-'^Hcro, wc are thinking of (a, 0) £ N'^ X N". Also, when we write L (exp^ ("^ + /)), we are dropping off the last 
coordinate of exp^ (m + /) so that the expression makes sense. 
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10.1 Singular Radon Transforms 



In this section, we will show that Theorem 15.11 follows from Theorem 18.81 In fact, as shown in Section 
ISl it suffices to prove Proposition (HjH that (HHF) and piII F) hold automatically when 7 is real analytic. 
Furthermore, since Proposition l8 . 1 1 1 shows that (HHF) and piIl F) are equivalent, it suffices to show that 
(HHF) holds whenever 7 is real analytic. 

Lemma 10.1. Let J- = {{Xi, di) , . . . , {Xr, dr)} be a finite set of germs of real analytic vector fields 
( defined on a neighborhood of ), each paired with formal degree ^ dj £ N'^ . Then T generates a finite 
list, as in Definition \8.3l that is, there is a finite set of elements (X^+i, d^+i) , . ■ . , {Xq, dq) £ Cq { J') 
such that for every I < i^ j < q, {[Xi,Xj] ,di + dj) is controlled by {Xi,di) , . . . ,{Xq,dq). 

Proof. Apply Corollarv l9.3l to C (J^) to obtain a finite set J'q C C {J-) such that Fa controls every element 
of C [F). By Remark 14.51 we may assume J^) ^ -^o {^)- We may, without loss of generality, replace J^j 
with Jx) U J-". We claim Fq is the desired set {Xi,di) , . . . , {Xq, dq). Indeed, it only remains to show that 
for every (Fi, /i) , {¥2^2) G -Fo, ([^1,^2] , A + A) is controlled by F^. Since ([Yi, 1^2] , /i + A) G £ {F), 
this follows by the definition of Fq, completing the proof. □ 

Proof of Proposition [^Tffl We take W as in Section |8l Since we are assuming 7 is real analytic, W is 
real analytic. We express as a Taylor series in the t variable: 

w{t)= J2 

|a|>0 

where the Xa are real analytic vector fields. The goal is to show that there is a finite set, 

.FC {(x„,deg(a))}, (10.1) 

such that F generates a finite list, and this finite list controls W. Since the vector fields are real analytic. 
Lemma Fl . 1 1 shows that F automatically generates a finite list. Thus, it suffices to show that there is a 
finite set F as in ()10.ip such that F controls W. We apply Theorem 19. II to W to show that there exist 
ai, . . . ,ar such that, 

r 

Ty(i,x) = ^c,(i,x)t«^X«^ (x). 

From here, it is immediate to verify that {Xa^ , deg (ai)) , . . . , {Xar-, deg (c^r)) control W, completing the 
proof. □ 

We close this section by proving Proposition 15.71 The main point is the following. Suppose we 
are given ui parameter dilations on M.^^ and 1^2 parameter dilations on , and suppose we are given 
7(^ (x) : 'Rq^ X Kq — >■ R", j = 1,2, germs of real analytic functions, satisfying the hypotheses of Theorem 

15.31 (i.e. satisfying (jllll A)). Proposition 15 . 71 will follow if we show that ^y}^ ojf^ (x) and (jti) ^ i^) both 
satisfy the (|IIII A). For 7^ o we are using the i^i + ^2 parameter dilations on R-'^i+^a given by, for 
(<5i,<52) G [0,1]"' X [0,1]"^ and (^1,^2) GM^^ x (^i, <52) (^i, ^2) = (<5iti, (^2*2). We write. 



\a\>0 



7/, {x) ~ exp I ^ t^X^ 
Lemma 9.3 of |CNSW99| shows that, 

(7,\)"'(x)^expl Y 

\\a\>0 

The fact that (7t\)~ satisfies (|TTTlA) now follows immediately. 



X. 
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We now turn to 7^^^ o 7^^^ . Define 



r=£({(Xi^,(ai,0)),(x2^,(0,a2))}). 
It follows from the Campbell- HausdorfF formula (see Section 3 of [CNS W99] ) that, 



ill ° "fl i^) 



exp 



|cti|>0 



|a2l>0 



E ''1 ''2 

l/3i|,l/32l>0 



(10.2) 



where X^^^p, e span{X' : (X', (/3i, /^a)) e T}. 
Define, 



"Pi = { (-^^aj , (deg (ai) , 0)) : deg (ai) is nonzero in only one component} C A" x ^ 
P2 = {{Xa^: (0jdeg(a2))) : deg (02) is nonzero in only one component} C x p!}''i+''2. 



where deg (ai) is defined with the dilations on and deg (02) is defined with the dilations on 
In light of (|10.2p the vector fields associated to the pure powers of 7^^^ o 7^^^ are given by Vi U 7^2- Our 
assumption that 7^ and 7^ satisfy (jllllA) imply that (X^^ , (deg (ai) , 0)) and (X^^ , (0, deg (a2))) are 
controlled by C {Vi U 1^2) for every ai and 0:2- Since every element of T is given by iterated commutators 
of and Xl^ , it follows that for every {X, (/3i, /32)) G T, £ {Vi U V2) controls (X, (deg (/3i) , deg {^2)))- 
Hence, C {Vi U 7^2) controls {Xjs^^p^ , (deg (/3i) , deg (/32))), for every /3i and (32- Thus, 7^^^ o satisfies 
(IIIII AV This completes the proof of Proposition 15.71 



10.2 Maximal Radon transforms 

In this section, we reduce Theorem 15.11 to Theorem 17.21 The main tool will be Theorem 19.11 



Let 7 



((5i, . . . , Sn) G [0, 1]^ and t = {ti, . . . , t^) & R^, we define 6t = (Ji^i, . . . , ^Af^Ar). The goal is to study 
the maximal operator. 



be a germ of a real analytic function satisfying 70 (x) 



For S 



Mf (x) 



sup ipi (x) 

<5G[0,1]" 



\fh5t{x))\ dt. 



t\<a 



Where t/-! £ C§° (R") is supported on a small neighborhood of and Vi > 0. Let ^^2 £ (K"), 
-02 > 0, with -02 = 1 on a neighborhood of the support of ipi. We may assume ip2 has small support, by 
shrinking the support of tpi- By taking a > small, we may ensure for |i| < a, and x in the support of 
-01, we have -02 (7* (a;)) — 1. With this setup, define. 



Mof (x) = sup -01 (a:) / |/ {-/2-H (a;))| 02 il2-H (x)) dt. 

jeN" •J\t\<a 

It is easy to see that we have the pointwise inequality, A4f (x) < Aiof (x). Thus, to prove Theorem 
15.11 it suffices to prove Mo is bounded on L^, 1 < p < 00. 
Define the real analytic vector field. 



Note that, for j G N^, 



W{t,x)^- 
de 



W (2-h,x) = — 
^ ' de 



let o 7t ^ {x) e 



(10.3) 



That is, replacing 7^ with 72-jt changes Vl-^(i,x) to W (2 H,x). 
Write, 

W^(t,a:) = ^ 
|q|>0 
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Applying Theorem 19. II to W {t, x) we see that there exist ai, . . . ,ar and germs of real analytic functions 
Cq, such that, 



1=1 



(10.4) 



Moreover, we may assume that the Ca, satisfy 

Let 1/ ^ N + r. We will define i^-parameter dilations on W. For I — 1, . . . , r , \ct di ^ W be equal to 



1 in the I component and in all other components. Then, for (ji, ^2) G 



define, 



1=1 



Let 7("'^'''^'' be the function corresponding to W^(jij2) Proposition 17.11 Just as in Section [71 it is 

easy to see (via the contraction mapping principle) that there exist open sets G ?7 C M^, E V C M", 
independent of ji,j2 such that •f^'^'^^ : U xV ^ K". By possibly shrinking a and the support of 'i/;i,-02, 
we may define the maximal function, 



Ml. fix) 



sup 

0"ij2)eN"xN'- 



\t\<a 



dt. 



We claim that A^o/ [x) < M.if [x). To see this, we need only show for every j £ N^, 72-jt is of the 
form 7p^'"'^-' for some ji,j2- In light of (|10.3p . it suffices to show for every j G N^, W (2~H,x) is of the 
form W^(jij2) {t,x) for some ji,j2- In light of (110.41) . 



1=1 



Thus, if we take j2 — [j ■ «!, j • ct.2: ■ ■ ■ ,j ■ Q^r), we have W (2^H,x) — W(^jj^-) {t,x). This completes the 
proof that Mof (x) < Mif {x). 

Hence, to prove Theorem 15. li we need only show that A4i is bounded on L^, 1 < p < 00. We will 
show that 7W1 is of the form covered in Theorem 17. 2[ thereby reducing Theorem 15. II to Theorem l7.2l 

For ; = l,...,r, let X, = X^^, ci{t,s,x) = Ca, {t,x)s°", and di e W = x N'' be given by 

di = (o,di^ G X N''. Furthermore, for (ji, ^2) G x N^ we define = 2-'^H. With this 

new notation, for j G N"^, we have 



W, {t,x) = (2"''t,i,^) 2-'-'''Xi. 



1=1 



We apply Lemma [lO.ll to extend the list {Xi,di) , . . . , {Xr, dr) to a list {Xi,di) , . . . , {Xq, dq) as in 
Lemma FlO.ll that this extended list satisfies the hypotheses of the list of the same name in Section [7] is 
exactly the conclusion of Lemma 110.11 

For r + 1 < I < q, define c/ {t, s, x) = 0. Note, we have, 

it,x) - {2''t,t,x) 2-^-^'Xi. 



To complete the proof that Mi satisfies the hypotheses of Theorem l7.2l we need only show that ci, . . . , 
satisfy (|7.ip and ci, . . . ,Cq satisfy (|7.2I) . (|7.2p is trivial for c^+i, ■ ■ ■ ,Cq (since they are aU 0) and so we 
need only verify (|7.ip and (17. 2p for ci, . . . , c^. Here, we are taking ai, . . . , as above (see (|10.4p ). (|7.ip 
and (|7.2p will follow from the fact that Cq,^ , . . . , Cq.^ satisfy (|9.3p . 
First we verify (|7.ip . Let I < I < r. Consider, 



a;! (9s 



1 d°" 
ci {t,s,x) = —7^ 



19"' 
Cq,j (t, a;) s ' = - — 
s=t=o 9t 



(^ , ^) ^ ' — 1 , 



t=0 



18 



where the last equality follows from (|9.3|) . Thus, (|7.1|) holds. 

We turn to Fix 1 < /, fc < r and /3i, /32 such that Pi + ^2 



a;. Consider, 



Ck it,s,x) 



dt 'd's 



(10.5) 



Note that the right hand side of (jlO.Sp is unless P2 = ctk- Thus, we need only consider the case when 
— ctk] in this case, we have, 



di 



d 

Cofc {t, x) s°"' = C — 



(10.6) 



where C is some constant. Note that the right hand side of (|10.6p is unless Z = fc, by (|9.3p . (|7.2p 
follows. This completes the proof that Mi is of the form covered by Theorem 17.21 and finishes the 
reduction of Theorem 15.11 to Theorem 17.21 

Remark 10.2. Let us take a moment to remark on the essential idea of this section. When one is 
considering the singular Radon transform fTheorem l5.3p . which vector fields correspond to pure powers 
and non-pure powers is forced, due to the nature of the cancellation in the singular kernel. However, 
when we consider the maximal function, we introduce the cancellation in an ad hoc way (see the operators 
Bj in Section [TT|) . Because of this, we have some freedom in choosing which vector fields correspond to 
pure powers, by considering a stronger maximal operator. This idea was adapted from |Chr92j . 



11 Proof of the general maximal result (Theorem 17.21) 



In this section, we prove Theorem 17.21 The proof is a modification of the proof of Theorem 5.4 of 
[SSllbj . First we will introduce some necessary auxiliary operators, in a manner completely analogous 
to the methods in ' SSllb| . Then, we will describe the modifications of the proof in [SSllbj necessary 
to prove Theorem 17.21 The reader may wish to have a copy of [SSllb] at hand, as we will be referring 
to it repeatedly. 

The proof of Theorem 17.21 proceeds by induction on v. We begin by describing the necessary modifi- 
cations to Section 9 of [SSllbj . where the induction is set up. We take all the same notation as Theorem 
17.21 Let t/iq G (R") be non-negative and satisfy ipi,ip2 -< ipo- We also assume that -00 has small 
support. Let a G [B^ (a)) satisfy a >0 and cr > 1 on a neighborhood of 0. We define for j G NJ^, 



f (x) = ^0 (x) j f [li (x)) ^0 {ll (x)) o (t) 



dt. 



It is immediate to see, if we shrink a > in the definition of A^, we have, 

Mf{x)<snpMj\f\ix). 

Thus, to prove Theorem 17.21 it suffices to prove the following proposition. 
Proposition 11.1. 



sup \Mjf{x) 



LP 



for 1 < p < (x. 



Indeed, merely apply Proposition 1 1 1 . 1 1 to |/| to prove Theorem 17.21 It is Proposition 111.11 which we 
prove by induction on i/. For _E C {1, . . . , i^} and j — (j^, . . . , j"^) G W, define js — . . . , j^) G 

by, 



^ I jf^ if 11 G E, 
I cx) if M 
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Thinking of as an element of N'^' (by suppressing those coordinates which equal oo), it is easy 
to see that Mj^ is of the same form as Mj, but with u replaced by E. In particular, is of the 
same form as 7^, but instead with \E\ parameter dilations. Thus our inductive hypothesis implies for 
EC{l,...,i.}, 



sup \Mjj,f{x)\ 



< 



l/ll 



LP ' 



1 < p < CXD. 



LP 



Note that the base case of our induction is trivial. Indeed, Mj^f = [J cr ( t) dt\ •i/ 'p/. 

For j G NJ^, we define Aj from the list of vector fields {X, d) just as in |SSllb| . Similarly, for j G N'', 
we define Dj just as in [SSllb] . For j eN" , we define, 



EC{1,. ..,!/} 



Just as in [SSllb] . Proposition 111.11 follows from the following proposition. 
Proposition 11.2. 

" " I/IIlp, 



sup \Bjf{x)\ 



< 



LP 



for 1 < p < 00. 

It follows in exactly the same manner as [SSllbj that to prove ProDOsition lll.2[ it suffices to prove, 
Proposition 11.3. If a > is sufficiently small, there exists e > such that, 



forj,kG W. 



The proof in |SSllb| of the result analogous to Proposition 1 11. 31 (Theorem 10.1 of [SSllb| ) follows 
by reducing the question to a general result in [Strllb] . The proof of Proposition 111.31 has the same 
basic outline as the proof of Theorem 10.1 of [SSllb] . with only a few minor differences. We outline, 
below, the necessary facts needed to adapt the proof in [SSllbj to our situation. Note that Aj and Dj 
are defined in the same way as in |SSllb| -we therefore only need to discuss the modifications necessary 
to deal with the new form of Mj . 

One key point is the following; for I < I < r, and j' e NJ^, 



1 d°" 
ail dt 



Wj, it,x)^2~^-'''Xi; 



(11.1) 



t=o 



i.e., ''^'^Xi is the Taylor coefficient of t"' , when the Taylor series of Wj' is taken in the t variable. This 
is an immediate consequence of the definition of Wj and ([7.1]) and ([7.2]) . ([ll.ip is the main property 
needed when Afj^ plays the role of some Si in [SSllb] . 

Remark 11 A. One also needs that "M^^ is controlled by (^2~^^^X,'^d) at the unit scale" (see [SSllb] 
for this terminology) . This follows immediately from the definition of . 

The other main property we need is as follows. In the case when — fc^^ = \j — k\^, for some fii, 
we must use Mj^^^^^^ — Mj^ as i?i — R2 in the argument (see [SSllb] for a discussion of what we mean 

by i?i — R2). Define, Wj^k,E,iii {t,s,x) by the same formula as Wj^^ {t,x) except with 2^-'^ replaced by 
5 ^ [5i,. . . ,5u) & [0, 1]" , where, 

^ \s2-^''' ifAi = /ii- 



Note that. 
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Thus, if we let ^t,s (x) be the function associated to Wj^k,E,p,i {t, s, x) as in ProDOsition l7.ll we see that, 

Mj^f (x) = Vo {x) / / (7t,o (x)) tpo {%o {x)) cr {t) dt, 



^jEui^.yfi^) = V'o {x) J /(7t,2'=^i-j^i {x))iJo (7t,2'="i-j^i ix))cr{t) dt. 

From here it is easy to see that Mj^^^^^^^ — Mj^ can play the role of Ri — R2 in this situation. 

With the above outlined modifications, the proof in jSSllbj goes through to prove Proposition [TT31 
We leave the details to the interested reader. This completes the proof of Proposition ll 1 .31 and therefore 
the proof of Theorem 1 7. 2 1 



12 A closing remark 

In this paper, we put more restrictions on the classes of kernels K we considered, as compared to jSSllb) . 
None of these additional restrictions were essential. 

In [SSI lb) , the class of kernels (iV, e, a, i/) was allowed to depend on another parameter ^0 (1 £ 
Mo ^ i^)- In this paper, we have restricted to the case /Lto = v. All of the methods in this paper transfer 
seamlessly over to the case of general /zq; we leave such details to the interested reader. 

In [SSI lb) , the coordinates of the dilations ej were allowed to be elements of [0, 00), instead of N. 
This assumption was used in the proof of Theorem 19.21 but nowhere else. To deal with more general ej. 
Theorem 19.21 can be replaced by the following proposition. 



Proposition 12.1. Suppose 

is such that for every M , the set 

Cm := {c G [0, M] : 3 (Y, do) G S with some coordinate of do equal to c} 
is finite. Then there exists a finite subset J- C S such that every {g, e) G can be written in the form, 

g{x)^ J2 c^f,d){x)f{x); (12.1) 

d<e 

where C(^f^d) G -^N , o,nd d < e means that the inequality holds for each coordinate. The neighborhood on 
which ()12.ip holds may depend on {g,e). 

Proof. The proof proceeds by induction on v. The base case, = 0, follows directly from Proposition 
19.51 We assume we have the result for — 1 and prove it for v. 

Let M. be the module generated by {Y : 3 {Y, d) G 5}. By Proposition [931 Al is finitely generated. 
Take (Xi, di) , . . . , (X^, dr) G S such that Xi, . . . , Xr generate M.. Define M = maxi<;<r |rf;|ooi ^'^t 
Ci, . . . , be an enumeration of Cm- Define, 

So ■= {{Y, d) E S : every coordinate of d is > M} , 

and for 1 < /i < I/, 1 < ^ < L, 

Sjj^ :— {{Y, d) £ S : the /i coordinate of d equals c/} . 

By our assumption on 5, 

S-So[j U U^;, . (12.2) 

./i=lZ=l 

Note that every (Y, e) G So can be written in the form, 



dj <e 
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by our construction of iSo- 

We apply our inductive hypothesis to Sj^ (which we may think of as a subset of x [0, oo)'' ^ 
by suppressing the ^th coordinate of d for each {Y,d) G .S^, since we know it to be equal to q). We 
therefore obtain a finite subset Tj^ C 5^, as in the conclusion of the proposition (with iS replaced by 

By (|12.3p and (|12.2I) it is immediate to verify that 

{iXi,di),...,iXi,di)}\J 

.fj.=ii=i 

satisfies the conclusion of the proposition. □ 
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